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An approximate method is described for solution of the problem of 
the temperature distribution in an infinite cylinder when the coef- 
ficient of external heat transfer is a function of time. A constant- 
power heat source acts in the body during ~e entire period of heating. 

The process  of heating an infinite cylinder in a 
medium with a variable coefficient of convective heat 
t ransfe r  and a constant-intensity heat source inside 
the body is described by the following system of equa- 
tions: 

O0(@, F o ) = 0  ~0(4, Fo)+ 1 00(4, Fo) 
OFo 042 4 0~ 

00(I, Fo) BI(Fo)[I--0(1, Fo)], 
a ~  

00(0, F o )  =0, 
o ~  

0 ( 4 ,  0 )  = 0 ~ .  

-'J- Po, ( 1 )  

( 2 )  

( 3 )  

( 4 )  

We will seek a solution to problem (1)-(4) in the 
form 

0(~, F o ) = 1 +  

P c [  ~ 2  2 ]  8Bi (Fo) 
+-~-- I-- 4- Bi(Fo----~ q~(Fo) 4 + B i ( F o ) x  

F o  
~ 8Bi (Fo) 

x exp - -  4-t- Bi (Fo) d Fo--  
o 

Po 

Fo  

• Jo [t~,~ (Fo) ~] exp --  .I ~ (Fo) d Fo. (5) 

0 

If the t ime-dependent roots ~n(Fo) are  defined by 
the transcendental  eauation 

F ( F o )  J 1  [ ! ~  ( F o ) l / J o  [ i  ~ ( F o ) I  = B i  ( F o ) ,  ( 6 )  

o r  

Jo [B (Fo)IM11~t (Fo)l = B (Fo)/Bi (Fo), 

and the constant coefficients A n are  found f rom 

(6') 

A n  = 2 J 1  [ ~ n  ( 0 ) l / ~ t n  ( 0 )  { J 0  { ~ t n  ( 0 ) 1  " ~ -  J21 [ ~ a  ( 0 ) 1  } ,  

then relat ion (5) will satisfy the condition on the sur-  
face (2), and the condition of symmet ry  of the tempera-  
ture  field (3). 

Functions ~P (Fo) and Zn(Fo) may be determined by 
requiring the best  approximation of solution (5) to the 
differential  equation (1). In order  for  (5) to satisfy the 

initial tempera ture  distribution (4), the following ini- 
tial conditions should be satisfied: 

(0) = [4+ Bi (0)]/8Bi (0), (7) 

z .  ( o )  = 1 .  i s )  

If we substitute (5) into (1) and cancel like te rms,  we 
obtain 

U (4, Fo) + W (~, Fo) = P (4, Fo), (9) 

where 

U ( 4 ,  Fo)-= 1 (  
= ~ |Bi (-~--Bi) 2 1-- ~2 s + ~ [(4 + Bi) ~ 

64BP 8Bi ~1 ] 16Bi 
(4+Bi) ~ - - - ~ +  4-~B~ r 4+Bi  ~ 

Fo  Fo  

+ ~-exp 4-[- Bi 4+  Bi 
0 0 

- -  d F o ,  ( 1 0 )  

W(4, Fo)= 

n--~'t  
Fo  P c  u,n l "~ ,~  

--Zn .-ZT-- Jo(~n~) l exp-- ~2ndFO. (11) 
~n 

0 

We find the mean values of functions U(Fo) and W(Fo) 
over  the c ross  section of the cylinder f rom the equa- 
tions 

l 
U(Fo)-=2 ; 4U(~, Fo)d~, (12) 

0 

1 
~'(Fo) =2 y ~W(~, Fo)d 4. (13) 

0 

Following substitution of (10) and (12) into (11) and 
(13), we have 

FO 

U(Fo) =2--2  ~lexp - ff 8Bi 
4+ Bi 

0 

- -  d F o ,  ( 1 4 )  

u 

= , ~  A n  {(1--0o + P c  )[Z'n 2J'(~n) Zni~,n ( 4  

F o  

0 
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Applying the condit ion 

U(Fo) =0 ,  (16) 

and taking account of (7), we obtain the following form 
for the function ~O(Fo): 

4+ Bi (0) 
r (Fo) = -l- 

8Bi (0) 
Fo Fo 

4- exp 4+Bi(Fo)  dFo dFo. (17) 
0 0 

The f o r m  of the dependence  Zn(Fo ) m a y  be e s t ab -  
l i shed  by putting 

~/(Fo) =o, (18) 

o r  ( po) 
1--0o + ~  • 

~n 

2Po ~; 
~ znA(~,) =0. 

Hence,  taking account  of (8), we have 

Z~ (Fo) = 

J~ [Bn (0)l r ( 1 -  00) I~ (0) -j- p~ ~t2- (F~ (19) 
B~ (0) (1-- 0o) l~(Fo) + Po j ,  [~. (Fo)l 

C a r r y i n g  out subst i tu t ion of (17) and (19) into (5), we 
have, f inally,  

0(% F o ) = l +  Po [ ~ ]  8Bi(eo) 
-4- 1 - - ~ 2 +  4+Bi(Fo)  x 

Vo 
• - - f f  8Bi(Fo) dFo 

4 + Bi (Fo) 
0 

Fo Fo 

( 4 + B i ( 0 )  t- exp dFo dFo - -  
• ~ 8Bi (0) 4 +  Bi (Fo) 

0 0 

-- ~ B~ g(1- -  00) la~ (0) + Po [/(1--0o) I~ (Fo) + Po 
2~t~ (0) J~ [~n (Fo)] X 

Fo 

X Jo [~n (Fo) ~] exp--  ; ~.~ (Fo) d Fo, (5 ') 

0 

38 ') 

whe re  

/3, = An 2J, [~, (0)l 
~,,(0) 

The va lues  of the roo t s  #n(Fo) fo r  a f ixed value of the 
Bi n u m b e r  m a y  be found with the aid of t ab les  given 
in [1], which a l so  g ives  a table  of the coef f ic ien ts  B n. 
The  s e r i e s  in (5') c o n v e r g e s  rapidly ,  and the re fo re ,  
if we exclude sma l l  va lues  of Fo, we can  confine ou r -  
s e lve s  to a s ingle  t e r m ,  the f i r s t  of the s e r i e s  The 
f o r m  of the functional  r e l a t ion  of #~(Fo) and Bi(Fo) 
may  be e s t ab l i shed  by  expanding the lef t  s ide of (6) 

in power s  of pl (Fo)  and going ove r  to the t r a n s f o r m e d  
s e r i e s  [2]. 

Values  of Rela t ive  T e m p e r a t u r e  on the Surface  
and at  the Cen te r  of an Infinite Cyl inder  

0 ( I ,  Fo) 0 (0, Fo) 

FO accord ing  to  [ a c c o r d i n g  to" 
(5 ' )  [31 

0 . 2 5  
0 . 5 0  
0 . 7 5  
1 . 0 0  
1 . 5 0  
2 - 0 0  

0 . 8 0 4  
0 . 9 4 9  
1 . 0 4 5  
1 , I 1 0  
1 . 1 8 8  
1 . 2 3 0  

0 . 8 0 5  
0 . 9 5 2  
1 . 0 4 8  
1 . 1 1 2  
1 . 1 9 0  
t .  2 3 3  

accord ing  t o  a c c o r d i n g  to 

(s') [31 

0.650 0.655 
0.905 0.903 
1.061 1.002 
1.162 1.164 
1.277 1. 279 
1.335 1,337 

We then have 

~t 2 (Fo) = 2Bi (Fo) BP (Fo) + BP (Fo) .... (20) 
2 12 

C a r r y i n g  out a s i m i l a r  t r a n s f o r m a t i o n  of (6'), we ob- 
ta in  

~ ( F o ) =  8Bi(Fo) 1 [ 8Bi(Fo) ]3 
4-}- Bi (Fo) 192 k 4 ~ )  + .... (21) 

When Bi(Fo) -< 2.0, we can confine o u r s e l v e s  to the 
f i r s t  t e r m  of (20), i . e . ,  

~ (Fo) ~-~ 8Bi (Fo) (21') 
4 + Bi (Fo) 

It should be noted that, from the physical view- 
point, functions (10) and (11) may be regarded as in- 
ternal heat sources, and relations (14) and (15), re- 
spectively, as their mean integral values over the 
cylinder section. Analysis of the conformity of (5') 
with differential equation (1) shows that with such 
averaging the accuracy of the solution proves to be 
sufficient, while the degree of approximation is the 
greater, the less the influence of the perturbing term 
on the value of the parameter Bi(Fo). 

As an example we give the calculation of the tem- 
perature field in a long cylinder (see table) with the 
following initial data: 

Bi(Fo)--  16+4Fo. Po =0.5; 0o =0.4. 
12+7Fo '  

F o r  e o m p a r i s o n ,  we a lso  give r e s u l t s  of a n u m e r i c a l  
in tegra t ion  of s y s t e m  (1)-(4) [3]. 

In conc lus ion  it should be  noted that  the above 
method m a y  a lso  be  extended to the ca se  of va r i ab l e  
m e d i u m  t e m p e r a t u r e .  

If the p a r a m e t e r  Bi r e m a i n s  cons tan t  (Bi = const) 
dur ing  hea t  t r a n s f e r ,  then (5') t r a n s f o r m s  into the 
exac t  so lu t ion  obtained in [1]. 

NOTATION 

T(r ,  T) is the t e m p e r a t u r e ;  T m is the t e m p e r a t u r e  
of med ium;  To is the initial t e m p e r a t u r e  of body; r is 
a coord ina te ;  T is the t ime;  a is the t h e r m a l  diffu- 
s ivi ty;  A is the t h e r m a l  conduct ivi ty;  ~(r)  is the hea t  
t r a n s f e r  coeff ic ient ;  R is the cy l inder  radius ;  q~ is 
the spec i f ic  power  of heat  source ;  0@, Fo) = T(r ,  T ) /  
/Tc; 190 = T0/Tc; ~b = r/R; Fo= ~r/R2; Bi(Fo)= 
= o~(Fo)R/X; Po = q~R2/ATc . 
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